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Abstract – This paper presents two ways to implement Extended Kalman Filter (EKF) algorithm for Inertial Navigation of a Micro
Aerial Vehicle (MAV). The objective is to develop a fully integrated system using Micro electro mechanical systems (MEMS)
inertial sensors combined with low-update rate Global positioning system (GPS) measurements. The approach uses three
accelerometers, three gyroscopes and GPS measurements to aid the EKF algorithm. Two ways to implement EKF (15-state and splitarchitecture) are presented and observability issues are addressed in each case. EKF performance was evaluated by comparing the
estimates with the simulated truth data.

I.

INTRODUCTION

Navigation is a skill or an art which has become a
complex science. No matter how far we go back in time
it has always been critical to know where one is
positioned. It is essentially about travelling and finding
the way from one place to another. Dead reckoning is
the phenomenon by which one’s present Position may
be calculated from the knowledge of initial position and
measurements of speed and direction [1]. An equivalent
process may be conducted using inertial sensors –
gyroscopes and accelerometers - to sense rotational and
translational motion with respect to an inertial reference
frame. This is known as inertial navigation [1]. The
inertial sensors used in micro air vehicles are MEMS
sensors which are less accurate than the ones typically
associated with tactical-grade inertial sensors. However,
by means of high quality integration algorithms like
EKF, it is possible to obtain significant positioning
accuracy when compared to GPS systems, when there is
limited satellite availability.

1.

The processing of the rate measurements to
generate body attitude.

2.

The resolution of the specific force measurements
into the inertial reference frame.

3.

Gravity compensation and the integration of the
resulting acceleration estimates to determine
velocity and position.

B. Sensors for MAV’s
Sensors are essential components of automotive
electronic control systems. MEMS make highperformance sensors available for automotive
applications, at the same cost as the traditional types of
limited-function sensors [6]. These sensors, matched
with miniaturized GPS receivers, are the basis of
complete low cost and low weight navigation systems.
MEMS three axis accelerometers and gyroscopes placed
mutually perpendicular comprises to Inertial
Measurement Unit (IMU) [1]. GPS is used to aid the
inertial sensors in EKF algorithm. The IMU
measurements are independent of the GPS signal
outages and the frequencies of acquisition are very high.
The IMU measures the angular velocities and linear
accelerations. The Direction cosine matrix (DCM) is
obtained using the Angular rates by gyroscopes and the
measured specific forces are rotated in the required
frame using the rotation matrix [9]. The velocities and
position of the body are obtained by integration of the

A. Inertial Navigation
A typical block diagram for Strapdown Inertial
Navigation system is given in “Fig.1” [1]:
The diagram displays the main functions to be
implemented within a strapdown navigation system such
as:
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accelerations and angular rates. Unfortunately the
integration process is very sensible to the systematic
errors of the IMU. The acceleration bias introduces an
error in the velocity proportional to the time t, and an
error in the position proportional to t2. Still worse the
gyro bias introduces a quadratic error in the velocity and
a cubic error in the position.

where, Q is the continuous process noise covariance, Rk
is the discrete measurement noise covariance, δ is a
Dirac delta function, δkj is the kronecker delta function
and k is discrete index. The initial state of the system is
assumed to be a Gaussian random vector with mean x0,
and covariance P0. The goal of the Extended Kalman
Filter is to obtain an estimate of system state vector
given by x(t) by using set of available measurements zk.
The design of Extended Kalman Filter (EKF) is
accomplished in two stages, which are

II. EXTENDED KALMAN FILTER
In the case of systems that are linear in the process
and measurement, and which are exogenously corrupted
by white process noise and measurement noise, the
linear Kalman filter (KF), a model-based filtering
approach, offers a recursive solution in the sense of
minimizing the trace of the error covariance of the
system states [3,4]. However in the case of systems
which are inherently nonlinear in either the process
dynamics or the measurement or both, straightforward
implementation of the linear KF is not guaranteed to
yield optimum state estimates. In such cases Extended
Kalman Filter (EKF) a nonlinear filtering technique is
most popular approach [3,4].

1.

Prediction stage.

2.

Update stage.

A schematic view of EKF Philosophy is shown in
“Fig.2”:
EKF Equations:
Prediction equations:

xˆ t   f  xˆ t , u t 
xˆ   xˆkt   xˆ t t
k

P t   F t P t   P t F T t   QT
P   P kt   P t t

A. Non-Linear continuous system dynamics
Let an observable nonlinear dynamical system
where the process dynamics is continuous and the
measurement is discrete is given as

Correction equations:

x (t )  f ( x (t ))  w(t ), x(0)  x0

K k  Pk H kT H k Pk H kT  Rk

k



z k  h xk   vk



xˆ k  xˆ k  K k z k  zˆk



1



Pk  I  K k H k R


k

n

where, x  Dx  R denotes the n-dimensional state of
m

the system, u  Du  R denotes the m-dimensional

III. PROCESS AND MEASURMENT MODELS
FOR FILTER DESIGN

known input vector, f .,. Dx  Du  Rn is a finite
nonlinear mapping of the system states and system
input, z  Dz  R p denotes the p-dimensional system

In this section, a model for GPS based inertial
navigation estimation is developed. The rate gyroscopes
and accelerometers are modelled as shown below :

measurement, h.  Dx  R p is a nonlinear mapping
of the system states to the output, Γ denotes the process
noise matrix, w  Dw  R nw denotes the w-dimensional
random process noise vector, v  Dv  R p denotes the vdimensional random measurement noise vector. The
process and measurement noise vectors are assumed to
be zero mean, band-limited, uncorrelated, white
multivariate Gaussian processes given by

A. Rate Gyroscope Model
The rate gyroscope model measurements pm(t) ,
qm(t) , rm(t) are assumed to be modelled as :

pm t   pt   b0 p  b1p t   b2 p t   w p
qm t   q t   b0 q  b1q t   b2 q t   wq
rm t   r t   b0 r  b1r t   b2r t   wr

Q , t  
E wt w t     Q t     
 0, t  



T



where, p(t), q(t), r(t) are the true values of the angular
velocity; b0p , b0q , b0r are the constant null-shift bias
terms, b1p(t) , b1q(t) , b1r(t) are the rate random walk bias
components, b2p(t) , b2q(t) , b2r(t) are the correlated
(colored noise) bias components and wp, wq, wr denote
the error due to sampling noise which are typically

R , k  j
E vk v Tj  Rk  kj   k
 0, k  j
T
E wv  0 un - correlated 
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modeled as zero mean, bandlimited, additive, white
Gaussian noise (AWGN) processes of specified

MAV and position and velocity from an onboard GPS
receiver.

2

covariances denoted by  2p ,  q2 ,  r respectively. The
constant bias components, b0p , b0q , b0r , can be
estimated off-line and removed from the output of the
rate gyroscope. Hence, the effects of b0p , b0q , b0r on the
output of the rate gyroscope are neglected.

D. EKF Implementation

Remark.1: In this paper, the effects due to b2p , b2q , b2r
are not captured in the model for the EKF, i.e. b2p , b2q ,
b2r are treated as unmodeled bias components, while the
effects due to b1p , b1q , b1r are captured in the EKF
model as Weiner process [2] components with however
a different standard deviation for each of these
components which alters the individual entries in the Q
matrix.

1) 15-state filter: Where in Position, Velocity and
Euler angles are estimated along with estimating for bias
in accelerometers and gyroscopes by implementing EKF
algorithm. Observability issues are addressed in
implementing 15-state filter.

EKF implementation for INS problem has been
investigated in two ways.

2) Split-Architecture: Here two EKF algorithms are
implemented, first estimating Euler angles and bias in
gyroscopes (a 6-state filter), second estimating Position,
Velocities and Bias in accelerometers (a 9-state filter).

B. Accelerometer Model
A triad of accelerometers measures the proper
acceleration (acceleration relative to free-fall), in terms
of g-force. These accelerometer readings are given by

IV. SIMULATION RESULTS
In previous section, a mathematical model for
inertial navigation of a micro aerial vehicle (MAV) was
developed along with the appropriate sensor models
(rate gyroscope and accelerometer). In this section,
open-loop simulation results for the model developed
for MAV inertial navigation are shown. The estimation
was carried out in two ways: 15 – statefilter and
Split−Architecture. Observability studies were made in
each case and the performance of the extended Kalman
filter (EKF) is studied.

a xm t   a x t   bax  wax
a ym t   a y t   ba y  wa y
a xz t   a z t   baz  waz
where, a x t  , a y

t  , az t  are the true specific forces;

bax , ba , baz are constant null shift bias terms and wax ,
y

way , waz denote the additive sensor noise processes,

A. Simulated MAV Trajectory

respectively, for the x, y, z axes and are modeled as zero
mean, band-limited AWGN processes with specified

A 6 degree-of-freedom (DOF) model adapted from
the open-source Flight Dynamics and Control toolbox
(FDC) [11] is used for the simulation study. Turbulence
is introduced to the model via the Dryden model [10].
The trajectory shown in “Fig.3” is the trajectory that is
considered for MAV inertial navigation.

2

covariances denoted by  a2x ,  a y ,  a2z respectively.
Remark.2: The effects of

bax , bay , baz are captured in

the EKF model as Weiner process [2] components with
however a different standard deviation for each of these
components which alters the individual entries in the Q
matrix.

B. Sensor noise parameters
The true sensor noise parameters for the
accelerometer, rate gyroscope and the GPS are given
below:

C. EKF based INS/GPS Model
The final model for the design of an EKF for
obtaining the inertial solution via an INS/GPS
formulation is obtained by formulating the EKF state
vector as an augmentation of the 3 position states (λ, μ,
h),, the 3 velocity states (vn ,ve ,vd) the 3 Euler angle
states (ψ, θ, ) with the rate gyroscope bias terms ( b1p ,

Sensor
Rate
gyroscope
Rate
gyroscope

b1q , b1r ) and the bias accelerometer terms ( bax , ba y ,

Rate
gyroscope

baz ). The measurement model comprises the heading
derived from a triaxial magnetometer on board the

Noise
type
Samplin
g noise
Std.dev
Wiener
process
Std.dev
Colored
noise
Std.dev

Notation

Value

 p , q ,  r

0.05o / sec

 1 p ,  1q ,  1r

0.05o / sec

 2 p ,  2 q ,  2 r 0.05o / sec
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Rate
gyroscope

Acceleromet
er
Acceleromet
er
Magnetomet
er
GPS

GPS

Colored
noise
time
const
Samplin
g noise
Std.dev
Constan
t bias
Samplin
g noise
Std.dev
Samplin
g noise
Std.dev
Samplin
g noise
Std.dev

 p , q , r

in observability has been observed in implementing 15state filter, where as full state observability has been
observed by implementing Split-Architecture filter.
Simulation plots clearly imply that Split-Architecture
algorithm is the optimal way of implementing an EKF
for inertial navigation of an MAV.

100 / s

 a x ,  a y ,  a z 0.1m / s 2
ba x , ba y , ba z

v

ACKNOWLEDGMENT

0.01m / s 2

The author express gratitude towards Dr. Venkatesh
K. Madyastha, Scientist at Flight Mechanics and Control
Division (FMCD), National Aerospace Laboratories
(NAL), Bangalore, India for motivating and providing
the necessary support for this research effort.

o

0.5 / s

 v n , v e ,  v d 0.1m / s

REFERENCES

 x , y ,  z

10 m

[1]

D. H. Titterton and J. L. Weston. ”Strapdown
Inertial Navigation Technology”, chapter 1. Peter
Peregrinus Ltd. Institution of Electrical
Engineers, 1997.

[2]

Robert. Brown, Patrick. Hwang. Introduction to
Random signals an Applied Kalman filtering,
Ensyclopedia of Mathematics. John Wiley an
Sons Inc… 1992.

[3]

R.E.Kalman. A new approach to linear filtering
and prediction problems. In Transactions of
ASME – Journal of Basic Engineering, vo1 82 of
D, pp 35 – 45, 1960.

[4]

R.E.Kalman, R. S. Bucy. New results in linar
filterng and prediction theory. In Transactions of
ASME – Journal of Basic Engineering, vo1 83 of
D, pp 95 – 108, 1961.

[5]

Randal Beard, Derek Kingston, Morgan Quigley,
Deryl Synder, Reed Christiansen, Walt Johnson,
Timothy McLain, and Michael A. Goodrich.
Autonomous vehicle technologies for small
fixed-wing uavs. In Journal of Aerospace
Computing, Information and Communication,
2005.

[6]

D. Eddy and D. Sparks. Application of MEMS
technology in automotive sensors and actuators.
In Proc. IEEE, volume 86 of IEEE, pp 1747 to
1755, Aug 1998.

[7]

Joel M. Grasmeyer and Matthew T. Keennon.
Development of the black widow micro air
vehicle. In American Institute of Aeronautics and
Astronautics, AIAA-2001-0127.

[8]

Demoz Gebre-Egziabher. Roger C. Hayward and
J. David Powell. Design of multi-sensor attitude
determination systems. In IEEE Transactions on
Aerospace and Electronic Systems, vol. 40 of
IEEE, pp 627 – 649, Aug 2001.

Tabel.1: Sensor noise standard deviations.
C. Simulation scenario – No GPS outage
1). 15-state filter
“Fig.4(a)” shows the observability index for the
system simulated with 7−measurements. The computed
Observability index is 13 for the MAV trajectory shown
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a 15 − statefilter with 7 − measurements. At GPS
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shown in “Fig.4(b)” which are also drifting away.
2). Split-Architecture:
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V. CONCLUSION
The Extended Kalman Filter a sub optimal
minimum mean square estimator can be used in Inertial
Navigation System. Two ways of implementing EKF is
proposed: 15-state filter and Split-Architecture. A loss
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Figure 1. Strapdown Inertial Navigation System (INS)

Figure 3. MAV trajectory – Steady level flight

Figure 2. EKF Philosophy
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(a) Observability index for 15state-filter

(b) Estimating Euler angles

(c) Estimating Position

(d) Estimating Velocity

(e) Estimating Gyro bias

(f) Estimating Accelerometer bias

Figure 4. Estimates by implementing 15-state EKF.
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(a) Observability index for 15 state-filter

(b) Estimating Euler angles

(c) Estimating Position

(d) Estimating Velocity

(e) Estimating Gyro bias

(f) Estimating Accelerometer bias

Figure 5. Estimates by implementing Split-architecture EKF
.
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